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a b s t r a c t
The conservation laws for the variant Boussinesq system are derived by an interesting
method of increasing the order of partial differential equations. The variant Boussinesq
system is a third-order system of two partial differential equations. The transformations
u → Ux, v → Vx are used to convert the variant Boussinesq system to a fourth order
system in U, V variables. It is interesting that a standard Lagrangian exists for the fourth-
order system. Noether’s approach is then used to derive the conservation laws. Finally, the
conservation laws are expressed in the variables u, v and they constitute the conservation
laws for the third-order variant Boussinesq system. Infinitely many nonlocal conserved
quantities are found for the variant Boussinesq system.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Conservation laws play an important role in the solution and reduction of partial differential equations. The high number
of conservation laws for a partial differential equation provides the insight that the partial differential equation is strongly
integrable. Another important aspect of conservation laws recently introduced by Naz et al. [1] is to derive the conserved
quantities for jet flows using conservation laws.
The conservation laws for variational problems can be constructed by means of Noether’s theorem [2]. The application
of Noether’s theorem depends upon the knowledge of a Lagrangian. In the absence of a Lagrangian, there are methods
to obtain the conservation laws. The most elementary method is the direct method which was first used by Laplace [3] to
establish conservation laws. Someof themethods for obtaining conservation laws involve the computation of characteristics.
Steudel [4] expressed the conservation laws in the characteristic form DiT i = Q αEα . The characteristics are the
multipliers of the equation. There are two methods to obtain the characteristics [5]. In the first approach one takes the
variational derivative of DiT i = Q αEα on the solution space of differential equations. The characteristics obtained by this
approach sometimes correspond to an adjoint symmetry rather than a conservation law. The second method to obtain
the characteristics is to take the variational derivative of DiT i = Q αEα for arbitrary functions and not only for solutions.
Computer packages for the directmethod and the characteristicmethodswere developed byWolf [6]. Kara andMahomed [7]
added a symmetry condition to the direct method. Kara and Mahomed [8] introduced an approach known as the partial
Noether approach for the construction of conservation laws for partial differential equations. Different approaches to
construct conservation laws are discussed in detail in [9].
∗ Corresponding author.
E-mail address: rehananaz_qau@yahoo.com (R. Naz).
0893-9659/$ – see front matter© 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2010.04.003
884 R. Naz et al. / Applied Mathematics Letters 23 (2010) 883–886
In this paper, we study the variant Boussinesq system [10–12]. This equation was studied from different viewpoints in
the cited references. The conservation laws for the variant Boussinesq system are derived by utilizing the elegant Noether
approach. In a recent study variational principles have also been used for the Burridge and Knopoff equation [13].
2. Conservation laws for the variant Boussinesq system
Consider the conservation laws of the variant Boussinesq system of equations whose solutions and transformation
properties were studied before in [10–12]. We have the following system of equations
vt + vux + uvx + uxxx = 0,
ut + vx + uux = 0. (1)
Let u→ Ux, v→ Vx, then system (1) becomes
Vtx + VxUxx + UxVxx + Uxxxx = 0
Uxt + Vxx + UxUxx = 0. (2)
The standard Euler operators δ/δU and δ/δV are
δ
δU
= ∂
∂U
− Dt ∂
∂Ut
− Dx ∂
∂Ux
+ D2t
∂
∂Utt
+ D2x
∂
∂Uxx
+ DxDt ∂
∂Utx
− · · · , (3)
and
δ
δV
= ∂
∂V
− Dt ∂
∂Vt
− Dx ∂
∂Vx
+ D2t
∂
∂Vtt
+ D2x
∂
∂Vxx
+ DxDt ∂
∂Vtx
− · · · . (4)
Now δL/δU = 0 and δ/δV = 0 for
L = 1
2
(U2xx − V 2x − U2x Vx − VtUx − UtVx), (5)
therefore L is a Lagrangian for (2).
The operator X for system (1) is
X = ξ 1(t, x,U, V ) ∂
∂t
+ ξ 2(t, x,U, V ) ∂
∂x
+ η1(t, x,U, V ) ∂
∂U
+ η2(t, x,U, V ) ∂
∂V
+ ζ 1t
∂
∂Ut
+ ζ 2t
∂
∂Vt
+ ζ 1x
∂
∂Ux
++ζ 2x
∂
∂Vx
, (6)
where
ζ 1t = Dt(η1)− utDt(ξ 1)− uxDt(ξ 2), ζ 2t = Dt(η2)− vxDt(ξ 1)− vyDt(ξ 2)
ζ 1x = Dx(η1)− utDx(ξ 1)− uxDx(ξ 2), ζ 2x = Dx(η2)− vtDx(ξ 1)− vxDx(ξ 2)
and
Dt = ∂
∂t
+ Ut ∂
∂U
+ Vt ∂
∂V
+ Utt ∂
∂Ut
+ Vtt ∂
∂Vt
+ Utx ∂
∂Ux
+ Vtx ∂
∂Vx
+ · · · , (7)
Dx = ∂
∂x
+ Ux ∂
∂U
+ Vx ∂
∂V
+ Uxx ∂
∂Ux
+ Vxx ∂
∂Vx
+ Utx ∂
∂Ut
+ Vtx ∂
∂Vt
+ · · · . (8)
The Lie–Bäcklund operator X defined in (6) is a Noether operator corresponding to the Lagrangian L if it satisfies
X(L)+ L[Dt(ξ 1)+ Dx(ξ 2)] = Dt(B1)+ Dx(B2), (9)
where B1(x,U, V ), B2(x,U, V ) are the gauge terms. Expansion of (9) with the Lagrangian (5) yields
− Vx
2
[η1t + Utη1U + Vtη1V − Ut(ξ 1t + Utξ 1U + Vtξ 1V )− Ux(ξ 2t + Utξ 2U + Vtξ 2V )]
− Ux
2
[η2t + Utη2U + Vtη2V − Vt(ξ 1t + Utξ 1U + Vtξ 1V )− Vx(ξ 2t + Utξ 2U + Vtξ 2V )]
−
(
UxVx + Vt2
)
[η1x + Uxη1U + Vxη1V − Ut(ξ 1x + Uxξ 1U + Vxξ 1V )− Ux(ξ 2x + Uxξ 2U + Vxξ 2V )]
−
(
Vx + Ut2 +
U2x
2
)
[η2x + Uxη2U + Vxη2V − Vt(ξ 1x + Uxξ 1U + Vxξ 1V )− Vx(ξ 2x + Uxξ 2U + Vxξ 2V )]
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+Uxx[D2xη1 − UtD2xξ 1 − UxD2xξ 2 − 2Utx(ξ 1x + Uxξ 1U + Vxξ 1V )− 2Uxx(ξ 2x + Uxξ 2U + Vxξ 2V )]
× 1
2
[U2xx − V 2x − U2x Vx − VtUx − UtVx][ξ 1t + Utξ 1U + Vtξ 1V + ξ 2x + Uxξ 2U + Vxξ 2V ]
= B1t + UtB1U + VtB1V + B2x + UxB2U + VxB2V . (10)
The separation of (10) with respect to different combinations of derivatives of U and V results in an overdetermined system
of equations for ξ 1, ξ 2, η1, η2, B1 and B2. The solution of the system yields the following Noether symmetries and gauge
terms
ξ 1 = c1, ξ 2 = c2 + c3t, η1 = xc3 + E(t), η2 = F(t)
B1 = − c3
2
V + α(t, x), B2 = −1
2
UF ′(t)− 1
2
VE ′(t)+ β(t, x), αt + βx = 0, (11)
where we have set α = 0, β = 0 as they contribute to the trivial part of the conserved vector. The formula for conserved
vectors for the second-order Lagrangian L is (see [2,9]
T 1 = B1 − Lξ 1 −W 1 δL
δUt
−W 2 δL
δVt
− Dt(W 1) δL
δUtt
− Dt(W 2) δL
δVtt
− Dx(W 1) δL
δUtx
− Dx(W 2) δL
δVtx
, (12)
T 2 = B2 − Lξ 2 −W 1 δL
δUx
−W 2 δL
δVx
− Dt(W 1) δL
δUtx
− Dt(W 2) δL
δVtx
− Dx(W 1) δL
δUxx
− Dx(W 2) δL
δVxx
, (13)
whereW 1 = η1 − Utξ 1 − Uxξ 2 andW 2 = η2 − Vtξ 1 − Vxξ 2 are the characteristic functions. Eqs. (12) and (13) together
with (11), u = Ux and v = Vx yield the following independent conserved vectors for system (1):
T 11 = uv, T 21 = u2v −
u2x
2
+ v
2
2
+ uuxx, (14)
T 12 = tuv − xv + Dx
(
x
2
∫
vdx
)
,
T 22 =
tv2
2
− tu
2
x
2
− xuv − xuxx + tu2v + tuuxx + ux − Dt
(
x
2
∫
vdx
)
, (15)
T 13 = −
u2v
2
+ u
2
x
2
− v
2
2
,
T 23 = −utux +
(
v + u
2
2
)∫
vtdx+ (uv + uxx)
∫
utdx+
∫
utdx
∫
vtdx, (16)
and for the arbitrary functions E(t) and F(t)
T 1(E,F) = −uF(t)− vE(t)+ Dx
[∫
1
2
(vE(t)+ uF(t))dx
]
,
T 2(E,F) = −F(t)
[
v + u
2
2
]
− E(t)[uv + uxx] + F ′(t)
∫
udx+ E ′(t)
∫
vdx− Dt
[∫
1
2
(vE(t)+ uF(t))dx
]
.
(17)
Notice that the conserved vector (14) is a local conserved vector and (16) is a nonlocal conserved vector for the system
(1). In (15), the nonlocal part inside the parenthesis contributes to the trivial part of the conserved vector and can be set to
zero. Therefore (15) is a local conserved vector. The conserved vector (17) for F(t) = 1 and E(t) = 0 gives a local conserved
vector
T 14 = u, T 24 = v +
u2
2
, (18)
and for F(t) = 0 and E(t) = 1 the local conserved vector
T 15 = v, T 25 = uv + uxx, (19)
is obtained. For arbitrary values of E(t) and F(t) infinitely many nonlocal conservation laws exist for system (1).
These conservation laws can be used to find exact solutions of the variant Boussinesq system. This can be achieved in
a few ways. One is to write down the corresponding potential system for the conservation laws and work out symmetry
reductions [14]. Another approach to deduce exact solutions is via the double reduction theorem given in [15]. There are
other ways too to find the exact solution if the conservation laws give physical conserved quantities [16].
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3. Conclusion
We have studied the third-order system of variant Boussinesq equations. In order to apply Noether’s approach
transformations u → Ux, v → Vx were utilized. The variant Boussinesq system transformed to the fourth-order system
in U, V variables which admit a standard Lagrangian. Noether’s approach was used to derive the conservation laws in U, V
variables. The inverse transformation U → ∫ udx, V → ∫ vdxwas used to obtain the conservation laws for the third-order
variant Boussinesq system. The conservation laws for the variant Boussinesq system consist of four local and an infinite
number of nonlocal conserved vectors.
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